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Abstract
We define a family of pseudodifferential operators on the Hilbert space L2(Qp) of
complex valued square-integrable functions on the p-adic number field Qp. The
Riemann zeta-function and the related Dirichlet L-functions can be expressed as a
trace of these operators on a subspace of L2(Qp). We also extend this to the L-
functions associated with modular (cusp) forms. Wavelets on Qp are common sets
of eigenfunctions of these operators.
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1 Introduction
The Riemann zeta function [1] has a product representation in terms of prime numbers
that allows one to connect to the p-adic number field Qp. This prompted us (in a larger
collaboration) to construct a unitary matrix model (UMM) for the former by combining
UMMs for the local factors corresponding to each prime [2]. The parameters that define
the UMM for the Riemann zeta function is divergent, however, after a renormalisation, re-
sultant UMM agrees with that constructed directly in Ref. [3]. Moreover, we show that the
partition function of the UMM can be written as a trace of the (generalised) Vladimirov
derivative [4] acting on a (subspace) of complex valued square-integrable functions on the
p-adic number field Qp. The partition function is essentially the Riemann zeta function
in this approach.
While integration of complex valued valued functions on Qp is quite straightforward,
the totally disconnected topology of Qp does not allow for a naïve notion of a derivative.
The Valdimirov derivative is, therefore, defined through an integral kernel. Moreover,
Kozyrev [5] (see also [6–8]) constructed complex valued wavelets on Qp and demonstrated
that these are eigenfunctions of the generalised Vladimirov derivative. These wavelets
are rather like the complex valued generalised Haar wavelets on the real line R. The
eigenvalues are related to the scaling property of the wavelet. Enhancement of the manifest
affine symmetry of the wavelets were studied in [9].
The zeta function of Riemann is but one member of an infinite family of Dirichlet L-
functions, which are defined using arithmetic functions called Dirichlet characters. These
are multiplicative characters, hence, all Dirichlet L-functions admit Euler product repre-
sentations over prime numbers. It is, therefore, imperative that we generalise the notion
of Vladimirov derivative further and seek pseudodifferential operators, the eigenvalues of
which will involve the Dirichlet character.
Indeed, it turns out that one can do more. There are L-functions associated with
modular forms, which we refer to as modular L-function for brevity. These functions too
have both Dirichlet series and Euler product representations. We are able to define a
2
pair of pseudodifferential operators corresponding to each prime factor. We discuss the
eigenvalues and eigenfunctions (which are the Kozyrev wavelets again) of these generalised
pseudodifferential operators. The L-functions can be written in terms of the trace of these
operators on a subspace of the Hilbert space spanned by the wavelets. We also comment
on the realisation of the Hecke operarors as traces of these operators after conjugation by
raising-lowering operators.
2 Dirichlet characters and Dirichlet L-functions
For a positive integer k, the Dirichlet character modulo k is a map χk : Z→ C such that
1. For all m1, m2 ∈ Z, χk(m1m2) = χk(m1)χk(m2)
2. χk(m1) = χk(m2) if m1 ≡ m2 (mod k)
3. χk(m) 6= 0 if and only if m is relatively prime to k
There is a trivial character that assigns the value 1 to all integers (including 0). This
corresponds to k = 1.
More precisely, the multiplicative group G(k) = (Z/kZ)∗ consisting of the invertible
elements of Z/kZ is an abelian group. An element χk ∈ Hom(G(k),C∗) is called a
character modulo k. It is a C∗-valued function on the set of integers relatively prime to k,
such that the property (i) above holds. It is convenient and often conventional to extend
a character to all Z by setting χk(m) = 0 for all m which are not coprime to k [10].
The periodicity k of the Dirichlet character does not specify the function completely.
For any k there are ϕ(k) number1 of inequivalent characters. There is a principal character
χk,0 that assumes the value 1 for arguments coprime to k and vanishes otherwise. If all the
values of a character is real, it is called a real character. Clearly, if k is a prime number,
there are (k − 1) inequivalent characters, the values of which are ϕ(k)-th roots of unity.
Of these the character χk,0(n) vanishes for all integers n ≡ 0 (mod k) and 1 otherwise. If
k is not a prime, the character vanishes for all integers that share common (prime) factors
with it.
The Dirichlet L-series corresponding to a Dirichlet character χ, is the infinite series
L(s, χ) =
∞∑
n=1
χ(n)
ns
(1)
which is convergent for Re(s) > 1. Its analytic continuation in the complex s-plane
defines a meromorphic function called the Dirichlet L-function, also denoted by the same
symbol. If χ is chosen to be the trivial character, one gets the Riemann zeta function by
1For any positive integer n, the Euler totient function ϕ(n) counts the number of positive integers
1 < m < n that are relatively prime to n.
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the analytic continuation of
ζ(s) =
∞∑
n=1
1
ns
=
∏
p∈primes
1
(1− p−s) (2)
where, the second expression is the Euler product form. Unlike the Riemann zeta function,
the Dirichlet functions L(s, χ) defined by the analytic continuation of Eq. (1) is an entire
function, except when χ is the principal character (or the trivial one), in which case there
is a simple pole at s = 1. Moreover, they have a set of trivial zeroes at negative even or
odd integers (depending on whether χ(−1) = ±1) and a set of non-trivial zeroes which
must lie symmetrically about the critical line Re(s) = 1
2
in the critical strip 0 < Re(s) < 1.
The assertion that the non-trivial zeroes are exactly on the critical line is the generalised
Riemann hyposthesis.
Since the Dirichlet characters are multiplicative, the L-series Eq. (1) can be written
as an infinite product over prime numbers
L(s, χ) =
∏
p∈ primes
1
(1− χ(p)p−s) (3)
in the region of its convergence. We shall be interested in studying the local factor
(1− χ(p)p−s)−1 at the prime p, which is the sum of an infinite geometric series.
Thanks to the multiplicative nature of a Dirichlet character, χk(m
n) = (χk(m))
n for
n ≥ 0. In other words, Dirichlet characters of a positive integer power of an integer is well
defined. However, since negative powers of an integer is not an integer, χk(m
−n) is not
defined. In order to define the pseudodifferential operators we are interested in, however,
we shall need to extend the notion of a Dirichlet character to negative integer powers as
well. Therefore, let us define the function xk(m
n) as
xk(m
n) =


(χk(m))
n if χk(m) 6= 0 and n ≥ 0
(χk(m))
n = χ∗k(m
−n) if χk(m) 6= 0 and n < 0
0 if χk(m) = 0 for all n 6= 0
(4)
Thus, if the Dirichlet character of an integer is zero, we take all its integer powers (positive
or negative) to be zero as well. In this paper we shall refer to xk as an extended Dirichlet
character. In fact, for our purposes, it will be sufficient to define the extended character
for integer powers of prime numbers2 only. That is because, we need this extension not
on all p-adic numbers, but only on their norms3. Consequently, if k contains p (of Qp) as
one of its factors, the extended character vanishes for all ξ ∈ Qp. On the other hand, if k
2The extension we need is really quite minimal. The original Dirichlet character is a map χ : Z→ C.
This of course makes sense as a map χ
∣∣
(p)
: pN → C. We need to extend this restricted form to
x : pZ → C. Moreover, only the non-zero values of the characters are precisely defined, the rest was by
extension. Therefore, our definition should also be thought of as an extension in the same spirit.
3It should also be noted that the extended character we need is really a combination of the ‘norm
function’ on Qp (| · |p : Qp → R) and an extended character on rational numbers. It may be possible to
define an extended character on Qp itself, however, the present construction serves our purpose.
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and p are relatively prime, its contribution is a constant phase on a subset of Qp with a
fixed norm.
3 Twisted p-adic Gelfand-Graev-Tate Gamma functions
With the help of the extended Dirichlet character x in Eq. (4), let us define the Gelfand-
Graev-Tate gamma function Γx, twisted by xk as
Γx(s) =
∫
Q×p
dξ
|ξ|p e
2πiξ|ξ|sp xk
(|ξ|−1p ) =
∫
Qp
dξ e2πiξ|ξ|s−1p xk
(|ξ|−1p ) , p ∤ k (5)
If p divides k, then the function vanishes identically. The definitions above as well as
in Eq. (31) to appear below are consistent with the definition of a generalised gamma
function with a multiplicative character [11] (similar functions have been used in [12,13]).
We shall now evaluate this integral.
Recall the ‘Laurent expansion’ of a p-adic number ξ = pn (ξ0 + ξ1p+ ξ2p
2 + · · · ), p ∈
Z, ξm ∈ {0, 1, . . . , p − 1} but ξ0 6= 0. As usual, we split the integral into three parts
corresponding to the regions
(i) |ξ|p < 1. Hence e2πiξ = 1. The region can be further divided into ‘circles’ Cn =
{ξ : |ξ|p = p−n}, n = 1, 2, · · · , the measure of which is p−1p p−n. Thus the contribu-
tion to the integral from this region is
p− 1
p
∞∑
n=1
p−n p−n(s−1) xk(p
n) =
p− 1
p
∞∑
n=1
(
χk(p)p
−s
)n
=
p− 1
p
χk(p)
ps − χk(p)
for non-zero χk(p).
(ii) |ξ|p = 1. Hence xk(|ξp|) = χk(|ξp|) = 1 and e2πiξ = 1. The measure of this region is
p−1
p
. So the contribution to the integral is p−1
p
.
(iii) |ξ|p > 1. It consists of ‘circles’ Cn = {ξ : |ξ|p = pn}, n = 1, 2, · · · . In the circle
Cn, xk(|ξ|p) = xk(p−n) = (χk(p))−n and the measure of Cn is p−1p pn. The circle Cn is
divided into (p − 1) subsets Cn;1, Cn;2, · · · , Cn;p−1 of equal measures. This, in turn
is further divided into subsets such that
Cn =
p−1⋃
m0=1
Cn;m0 =
p−1⋃
m0,m1=0
Cn;m0,m1 = · · · =
p−1⋃
m0,··· ,mn−1=0
Cn;m0,m1,··· ,mn−1
In Cn;m0,m1,··· ,mn−1 , the exponential e
2πiξ = ωξ0pnω
ξ1
pn−1 · · ·ωξn−1p . What is important is
the last factor, which is a p-th roots of unity. When integrated, i.e., summed over
all values mn−1 = 0, 1, · · · , p−1, the sum over roots of units vanish (all subsets have
equal measure). Therefore, the contribution to the integral from Cn is zero, except
for n = 1. In this case, the root 1 is missing, so the contribution to the integral is
p−1
p
p
p−1
(
ωp + ω
2
p + · · ·+ ωp−1p
)
ps−1xk(p
−1) = − p
s−1
χk(p)
, if χ(p) 6= 0, and 0 otherwise.
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Combining the three contributions
Γx(s) =
ps (χk(p)− ps−1)
χk(p) (ps − χk(p)) =
χk(p)− ps−1
χk(p) (1− χk(p)p−s) (6)
For the trivial character this reduces to Γ(s) =
1− ps−1
1− p−s , the standard Gelfand-Graev-
Tate gamma function. In the general case, Eq. (5) further generalises the gamma function
defined with multiplicative characters in, e.g, Ref. [12, 13].
4 Vladimirov derivative twisted by a character
Let us recall that the generalised Vladimirov derivative, defined as an integral kernel
Dαg(ξ) =
1
Γ(−α)
∫
dξ′
g(ξ′)− g(ξ)
|ξ′ − ξ|α+1p
(7)
is defined for any α ∈ C by analytic continuation. The eigenfunctions of this pseudo-
differential operator
Dαψ
(p)
n,m,j(ξ) = p
α(1−n)ψ
(p)
n,m,j(ξ) (8)
with eigenvalue pα(1−n) are the Kozyrev wavelets
ψ
(p)
n,m,j(ξ) = p
−n
2 e2πijp
n−1ξ Ω(p)(pnξ −m) , ξ ∈ Qp (9)
for n ∈ Z,m ∈ Qp/Zp and j ∈ {1, 2, 3, · · · , p−1}. These are Bruhat-Schwartz functions on
Qp, consisting of the indicator function
4 Ω(p)(ξ) and an additive character, the exponential
function.
As expected the eigenvalues depend only on the quantum number related to scaling
n (and not on those related to translation and phase). Since we are primarily interested
in the eigenvalues, we may as well restrict our attention to the set of eigenfunctions
ψ
(p)
n,0,1(ξ) = p
−n
2 e2πip
n−1ξ Ω(p)(pnξ), which we shall often denote simply as |1− n〉 labelled
by the eigenvalues. It is natural to define the raising-lowering operators a±
a±ψn,0,1(ξ) = ψn±1,0,1(ξ), a±|n〉 = |n∓ 1〉 (10)
that changes the scaling quantum number by one. These operators, together with logpD =
lim
α→0
Dα − 1
α ln p
, (formally) generate a large symmetry of the wavelets [9].
For now it suffices to note that
Dα |n〉 = pαn |n〉 (11)
which allows us to write the local factor (1− p−s)−1 in the Euler product form of the
4The indicator function Ω(p)(ξ) = 1 for |ξ|p ≤ 1, and 0 otherwise.
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Riemann zeta function Eq. (2) as
ζp(s) =
1
(1− p−s) =
∞∑
m=0
p−sm =
∞∑
m=0
〈m|D−s |m〉 = TrH−D−s (12)
i.e., a trace of the generalised Vladimirov derivative D−s over a subspace H− spanned
by the wavelets {|m〉 ∼ ψ1−m,0,1 : m = 1, 2, · · · }. In other words, the subspace H− is
spanned by wavelets on Zp with compact support.
Let us now define the generalised Vladimirov derivative, twisted by the character x, as
Dα
x
g(ξ) =
1
Γx(−α)
∫
Qp
dξ′
g(ξ′)− g(ξ)
|ξ′ − ξ|α+1p
xk(|ξ′ − ξ|−1p ) (13)
Once again, this operator is meaningful if p ∤ k. If, on the other hand, p divides k, the
twisted character vanishes identically. consequently the numerator on the RHS is zero.
However, the twisted gamma function Γx in the denominator also vanishes. In this case,
we define Dx = 1 if (p, k) 6= 1.
We shall now show that the Kozyrev wavelets Eq. (9) are also eigenfunctions of these
operators. Actually due to the translation, scaling and the phase rotation properties, it
is sufficient to establish that f(ξ) = ψ0,0,1 = e
2πiξ/pΩ(p) (ξ) is an eigenfunction. The rest
follows trivially. The proof is in fact very similar to the case of the generalised Vladimirov
derivative with trivial character, so we shall be brief. We consider two cases:
• Case (i) The set |ξ|p > 1 is not in the support of Ω(p) (ξ), therefore, f(ξ) = 0.
Hence, the contribution to the integral is only from the set |ξ′|p < 0. By the
triangle inequality xk(|ξ′ − ξ|−1p ) = xk(|ξ|−1p ) and |ξ′ − ξ|α+1p = |ξ|α+1p does not have
any dependence on the variable of integration. Thus the integral, which is reduced
to
∫
|ξ′|p≤1
e2πiξ
′/pdξ′, is zero.
• Case (ii) Only those ξ for which |ξ|p ≤ 1 need to be considered. The function
f(ξ) is supported on this set, hence, Ω(p) (|ξ|p) = 1, therefore, the numerator of the
integrand involves e2πiξ
′/pΩ(p)(ξ′) − e2πiξ/p = e2πiξ/p (e2πi(ξ′−ξ)/p Ω(p)(ξ′)− 1). The
prefactor does not depend on the variable of integration. Due to the fact that
every point in a p-adic disc could be considered to be its centre, we may write
Ω(p)(ξ′) = Ω(p)(ξ′ − ξ) and change the variable of integration to z = ξ′ − ξ by a
translation. Now we can split the contribution to the integral from the three sets
|z|p < 1, |z|p = 1 and |z|p > 1, of which the first one vanishes (since e2πiz/p = 1
hence the integrand is zero). From the other two sets, we get
Dα
x
f(ξ) =
e2πiξ/p
Γx(−α)
[∫
|z|p=1
(
e2πiz/p − 1) dz − ∫
|z|p>1
xk(|z|−1p )
|z|α+1p
dz
]
=
e2πiξ/p
Γx(−α)
[
1
p
(
ωp + · · ·+ ωp−1p
)− (p− 1)
p
−
∞∑
n=1
xk(p
−n)
pn(α+1)
pn(p− 1)
p
]
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= − e
2πiξ/pΩ(p)(ξ)
Γx(−α)
(
1 +
p− 1
p
1
pαχk(p)− 1
)
= pαχk(p) f(ξ) (14)
where we have used the fact that Ω(p)(ξ) = 1.
This proves that f(ξ) = ψ0,0,1(ξ) = e
2πiξ/p Ω(p)(ξ) is an eigenfunction corresponding to the
eigenvalue χk(p)p
α. Hence,
Dα
x
ψ
(p)
n,m,j(ξ) = (χk(p)p
α)(1−n) ψ
(p)
n,m,j(ξ)
or, Dα
x
|n〉 = (χk(p)pα)n |n〉 (15)
where the latter expression is in the notation of Eq. (11). We see that the family of pseu-
dodifferential operators Dx, twisted by the multiplicative Dirichlet character x, all com-
mute with each other, and their common eigenfunctions, with eigenvalues (χk(p)p
α)(1−n),
are the Kozyrev wavelets on Qp.
Repeating the arguments in Eq. (12) mutatis mutandis, we can write each local factor
in the Dirichlet L-function as
Lp(s, χ) =
1
(1− χ(p)p−s) =
∞∑
m=0
(
χ(p)p−s
)m
=
∞∑
m=0
〈m|D−s
x
|m〉 = TrH−
(
D−s
x
)
(16)
i.e., a trace over a subspace H− = L2(Zp) of L2(Qp) spanned by the Kozyrev wavelets.
5 L-functions of modular forms and pseudodifferential
operators
A more general class of L-functions are those associated with a modular form f [10,14–16].
The group SL(2,R) has a natural action on the upper half plane H = {z : Im(z) > 0}.
Consider its discrete subgroup5 SL(2,Z) and its following congruence subgroups of finite
indices:
Γ0(N) = {γ ∈ SL(2,Z) | c ≡ 0modN}
Γ1(N) = {γ ∈ SL(2,Z) | a, d ≡ 1 and c ≡ 0modN} (17)
Γ(N) = {γ ∈ SL(2,Z) | a, d ≡ 1 and b, c ≡ 0modN}
The conditions are empty for N = 1, hence Γ(1) = SL(2,Z) is the full modular group.
Clearly Γ(N) ⊂ Γ1(N) ⊂ Γ0(N) ⊂ Γ(1), moreover Γ(N), the principal congruence sub-
group of level N , is the kernel of the homomorphism SL(2,Z)→ SL(2,Z/NZ). Let Γ be
a discrete subgroup Γ(N) ⊂ Γ ⊂ Γ(1) such that N is the smallest such integer. A funda-
mental domain is the closure of H/Γ, e.g., H/Γ(1) =
{
z ∈ H | − 1
2
< Re(z) < 1
2
, |z| > 1}.
5More precisely, the relevant groups are the projective special linear groups PSL(2,R) = SL(2,R/{±})
and PSL(2,Z) = SL(2,Z)/{±}.
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A modular form f : H → C of weight k and level N is a holomorphic form on the
upper half plane H that transforms as
f
(
az + b
cz + d
)
= χN (d)(cz + d)
kf(z), where γ =
(
a b
c d
)
∈ Γ (18)
under the action of a discrete subgroup Γ(N) ⊂ Γ ⊂ Γ(1).
A modular form of SL(2,Z) (i.e., level 1) admits a Fourier expansion (q-expansion) in
terms of q = e2πiz as
f =
∞∑
n=0
a(n)qn =
∞∑
n=0
a(n)e2πinz (19)
It is called a cusp form if f vanishes as Im(z) → i∞, or equivalently at q = 0. This
requires a(0) = 0. It is conventional, and convenient for many purposes, to normalise
such that a(1) = 1. We shall assume this in what follows. These forms are related to
scaling functions on C/Λ where Λ is a lattice left invariant by the action of the modular
group. The set of modular forms of weight k form a finite dimensional complex vector
space Mk (Γ(1)) and the set of cusp forms of weight k is a subspace Sk (Γ(1)). Similar
notions exist for modular forms of subgroups Γ ⊂ Γ(1) of level N . The cusp forms of a
more general modular group Γ vanish as z approaches certain rational points on R = ∂H.
In the fundamental domain these are images of Im(z)→ i∞ under Γ(1)/Γ(N).
The Dirichlet series associated to a cusp form f is
L(s, f) =
∞∑
n=1
a(n)
ns
= 1 +
a(2)
2s
+
a(3)
3s
+
a(4)
4s
+ · · · (20)
where s ∈ C and the normalisation is such that a(1) = 1. The series converges uniformly
to a holomorphic function of s in the region Re(s) > σ as long as the coefficients a(n) are
bounded by some power nσ. The corresponding L-function associated to the cusp form
f is then defined by analytic continuation to the complex s-plane. If f is a cusp form
of weight k, then the series above converges in Re(s) > 1 + k
2
. The series can also be
expressed as
L(s, f) =M[f ](s) = (2π)
s
Γ(s)
∫ ∞
0
dy ys−1f(iy) (21)
i.e., as a Mellin transform of f(iy).
Remarkably, the L-function of a cusp form f (or modular L-function for brevity)
Eq. (20) has an Euler product form
L(s, f) =
∞∑
n=1
a(n)
ns
=
∏
p∈ primes
1
(1− a(p)p−s + χ(p)pk−1p−2s) (22)
The coefficients a(n) have very interesting properties, to which we shall return in a mo-
ment. As an example, consider one of the well known modular L-functions related to
the discriminant function ∆(z) =
(√
2π η(z)
)24
= (2π)12 q
∞∏
n=1
(1− qn), where η(z) is the
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Dedekind η-function. It is a holomorphic modular form of weight 12 (and level 1) that
vanishes as z → i∞, i.e., it is a cusp form. The coefficients in its q-expansion
∆(z) =
∞∑
n=1
τ(n)qn (23)
define the function τ : N → Z, known as the Ramanujan τ -function. They satisfy the
following properties
τ(mn) = τ(m)τ(n) if gcd (m,n) = 1
τ(pm+1) = τ(p)τ(pm)− p11τ(pm−1) for p a prime and m > 0
|τ(p)| ≤ 2p11/2
(24)
as were conjectured by Ramanujan. The first two were proved by Mordell soon after the
conjecture, while the bound was proved by Deligne after many years. More generally, the
coefficients a(n) of a modular form of weight k and level N satisfy
a(mn) = a(m)a(n) if gcd (m,n) = 1
a(pm+1) = a(p) a(pm)− χ(p)pk−1a(pm−1) for p a prime and m > 0 (25)
as follows from comparing the series and product formulas in Eq. (22). Therefore, the
coefficients a(n) define a multiplicative character [10] on N. The convergence of the series
also puts a bound on the growth of the coefficients.
Let us consider a prime factor in Eq. (22) for a fixed p, and call it a local modular
L-function at a prime p in analogy with the local zeta function Eq. (12) at p, and factorise
it as follows
L(p)(s, f) =
1
(1− a(p)p−s + χ(p)pk−1p−2s) =
1
(1− a1(p)p−s) (1− a2(p)p−s) (26)
Evidently, consistency demands that the sum and the product of the coefficient functions
of the factorised form gives
a1(p) + a2(p) = a(p) and a1(p) a2(p) = χ(p)p
k−1 (27)
Notice that a1(p) and a2(p) are only defined for the (fixed) prime p. For the positive
powers of p we take ai : p
N → C by ai(pn) = (ai(p))n.
In the region of convergence, we can realise Eq. (26) as infinite geometric series
L(p)(s, f) =
∞∑
m=0
m∑
ℓ=0
(−1)ℓ
(
m
ℓ
)
(a(p))m−ℓ
(
χ(p)pk−1
)ℓ
p−(m+ℓ)s
=
∞∑
m1=0
∞∑
m2=0
(a1(p))
m1 (a2(p))
m2 p−(m1+m2)s (28)
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Hence, by comparing terms of powers of p−s, we find
m∑
n=0
(a1(p))
m−n (a2(p))
n =
⌊m
2
⌋∑
ℓ=0
(−1)ℓ
(
m− ℓ
ℓ
)
(a(p))m−2ℓ
(
χ(p)pk−1
)ℓ
(29)
which can be checked to be consistent with Eq. (27).
From here onwards, we can closely follow the steps in the extension of the Dirichlet
character in Section 2, and define the functions a1 and a2 as follows:
For i = 1, 2, ai(p
n) =


(ai(p))
n if ai(p) 6= 0 and n ≥ 0
(ai(p))
n =
1
(ai(p))
|n|
if ai(p) 6= 0 and n < 0
0 if ai(p) = 0
(30)
The extended functions are ai : p
Z → C. With the help of these functions, we define the
gamma functions Γa1(s, f) and Γa2(s, f), related to the modular function f as
Γ(ai,f)(s) =
∫
Qp
dξ e2πiξ|ξ|s−1p ai
(|ξ|−1p ) , for i = 1, 2
=
ai(p)− ps−1
ai(p) (1− ai(p)p−s) (31)
for non-vanishing ai(p), otherwise for ai(p) = 0, we take the gamma function to be zero.
Finally, let us define a pair of generalised Vladimirov derivatives associated with the
modular function f , as
Dα(ai,f)g(ξ) =
1
Γ(ai,f)(−α)
∫
Qp
dξ′
g(ξ′)− g(ξ)
|ξ′ − ξ|α+1p
ai(|ξ′ − ξ|−1p ) (32)
unless, ai = 0, in which case we define D(ai,f) = 1. Repeating our previous arguments mu-
tatis mutandis, it is straightforward to check that the Kozyrev wavelets are eigenfunctions
of the derivative operators Eq. (32)
Dα(ai,f)ψ
(p)
n,m,j(ξ) = (ai(p)p
α)(1−n) ψ
(p)
n,m,j(ξ), for i = 1, 2 (33)
with eigenvalues involving the factorised coefficients. In proving this, one needs to sum
over an infinite geometric series which converges for Re(s) > 1 + k
2
.
The equations above, together with Eq. (26) and Eq. (28), allow us to write the local
factors of the modular L-function associated f as
L(p)(s, f) =
(
∞∑
m1=0
(
a1(p)p
−s
)m1)( ∞∑
m2=0
(
a2(p)p
−s
)m2)
=
∞∑
m=0
(
m∑
m1=0
(a1(p))
m1 (a2(p))
m−m1
)
p−sm
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= TrH−⊗H−
(
D−s(a1,f) ⊗D−s(a2,f)
)
(34)
The trace is now over a subspace H−⊗H− of the tensor product space L2(Qp)⊗L2(Qp).
The sum in the trace is over the wavelets with negative scaling quantum number, hence
compactly supported in Z2p ⊂ Q2p. Therefore, the double sum above span the upper right
quadrangle of the lattice Z2 (see Fig. 1).
Figure 1: The sum in Eq.(34) is over the upper quadrangle of the lattice Z2, while the sum in
Eq.(35) is over the region above and right of the blue line.
It is interesting to note that if we conjugate the operators Eq. (32) by the following
combination of the raising/lowering operators in Eq. (10) and then take the trace6, we
get
Tr
(
ℓ∑
k=0
ak+D
−s
(a1,f)
ak− ⊗ aℓ−k+ D−s(a2,f)aℓ−k−
)
=
∞∑
m=ℓ
(
m∑
m1=0
(a1(p))
m1 (a2(p))
m−m1
)
p−sm
=
(
ℓ∑
k=0
(a1(p))
k (a2(p))
ℓ−k
)
p−sℓL(p)(s, f)
= a(pℓ)p−sℓL(p)(s, f) (35)
In the above, the raising and lowering operators refer to their restrictions to the sub-
space H−, however, our use of the same notation will hopefully not cause any confusion.
Therefore, the action of a+, or more accurately that of a+
∣∣
H−
, on the ‘ground state’ |Ω〉
corresponding to n = 1 (mother wavelet with scaling quantum number zero) is to annihi-
late it, i.e., a+|Ω〉 = 0. The effect of the sum of the conjugated operators is to sum over
a part of the lattice Z2 satisfying m1 +m + 2 ≥ ℓ (see Fig. 1). This action mimics the
action of the Hecke operator Tpℓ on the L-function.
Recall that the Hecke operators T (m), m ∈ N, are a set of commuting operators whose
action on the modular form is to return the coefficients in the q-expansion as eigenvalues
T (m)f(z) = a(m)f(z) (36)
In other words a modular form is an eigenvector of the Hecke operators with the eigen-
6Similarly, although not of much interest, the operators in Eqs. (12) and (16) may be conjugated to
get TrH
−
(
aℓ+D
−s
x
aℓ−
)
= (χ(p)p−s)
ℓ
Lp(s, χ), i.e, the ℓ-th coefficient as a prefactor.
12
values as the coefficients in its q-expansion. They satisfy
T (m)T (n) = T (mn) for m ∤ n
T (p)T (pℓ) = T (pℓ+1) + χ(p)pk−1T (pℓ−1)
(37)
A modular forms can also be understood [10, 14] as a sum over the nodes of a lattice Λ
in C. From this point of view, the action of the Hecke operator T (n) involves sublattices
Λ′ ⊂ Λ of index n: T (n)Λ =
∑
[Λ:Λ′]=n
Λ′.
6 Summary
We have generalised the notion of the Vladimirov derivative, a pseudodifferential operator
on Bruhat-Schwartz functions on the p-adic space Qp, by including the twist by multi-
plicative characters. The simplest of the multiplicative characters in this context are
Dirichlet characters. We show that the wavelet functions, defined by Kozyrev, are eigen-
functions of the twisted operators with eigenvalues that depend on the character and the
scaling properties of the wavelets. This allowed us to write the Dirichlet L-series (includ-
ing the Riemann zeta function, which corresponds to the trivial character) as traces of
appropriate twisted Vladimirov derivatives on a subspace of Bruhat-Schwartz functions
supported on the compact subset of p-adic integers. Along the way, we have defined a
generalised class of Gelfand-Graev-Tate gamma functions on Qp corresponding to twist
by multiplicative characters. In Section 5, we have further generalised our construction to
the L-series associated to the cusp forms of congruence subgroups of the modular group
SL(2,Z). It would be interesting to realise these L-functions as the partition function of
a ‘statistical system’. We hope to report on the last point in the near future.
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